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FORMALLY REAL INVOLUTIONS ON CENTRAL 
SIMPLE ALGEBRAS 

^ ; J. CIMPRIC 

o 

^^ ' Abstract. An involution ^ on an associative ring R is formally 

real if a sum of nonzero elements of the form r'^r where r E R 
is nonzero. Suppose that i? is a central simple algebra (i.e. R — 
Mn{D) for some integer n and central division algebra D) and # 

QC^ ' is an involution on R of the form r"^ = a~^r*a^ where * is some 

transpose involution on R and a is an invertible matrix such that 

a* = ±a. In section 1 we characterize formal reality of # in terms 

: , of a and *|d. In later sections we apply this result to the study of 

Pm ' formal reality of involutions on crossed product division algebras. 

r~| , We can characterize involutions on D = {K/F, $) that extend to 

a formally real involution on the split algebra D ®f K = Mn{K). 
Every such involution is formally real but we show that there exist 
formally real involutions on D which are not of this form. In 
particular, there exists a formally real involution # for which the 
hermitian trace form x i-^- tr(a;'^a;) is not positive semidefinite. 

I> 

o 

^ , 1. e-HERMITIAN CONES ON CENTRAL SIMPLE ALGEBRAS 

O \ We say that an involution * on a central simple algebra R is formally 

real if any finite sum of nonzero elements of the form rr* where r & R 
is nonzero. In this section we introduce our main technical tool for the 
study of formally real involutions - the notion of an e-hermitian cone. 

r> I The precise relationship between e-hermitian cones and formally real 

c^ ■ involutions is explained by Corollary |H 

Recall that a central simple algebra is a full matrix ring over a central 
division algebra. Let i? be a central simple F-algebra with involution 
* and e e F such that ee* = 1. An element a e i? is e-hermitian if 
ea* = a. The set of all e-hermitian elements in R will be denoted by 
S^{R). A subset M of S,{R) such that M -f M C M, aMa* C M for 
every a & R and M fl —M = {0} will be called an e-hermitian cone on 
R. 
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Theorem 1. Let D be a central division F -algebra with involution *. 
For every e E F such that ee* = 1 and for every integer n there exists 
a one-to-one correspondence between 

• e-hermitian cones on D and 

• e-hermitian cones on Mn{D) (with involution [xij\* = [x*^]). 

We will need the following well-known "Diagonalization Theorem" . 



of matrices of the form [a] or 



where a G Se{D) and h E D. 



Proposition 2. Every matrix A G S^{R) is congruent to a direct sum 

b 
eb* 
Moreover, if either e ^ —1 or *|/)7^ id then every matrix of the form 

, ^ „ is congruent to a diagonal matrix. 
Proof. The first claim is proved by induction on n using the identity 
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where Bu = B22 — -621-811^-812 is the Schur complement of i?ii. The 
second claim is just a short computation. D 

Now, we can prove the theorem. 

Proof. Let us start with the case e = — 1 and *|£) = id. In this case 
D = F and 2S^{D) = 0. Let M be an e-hermitian cone on Mn{D). 
Pick any C G M . By Proposition [2l there exists an invertible matrix 
P such that 






j=i 





-b, 



"J 




where Oj G Se{D) and bj G D. Note that the matrix 



^ = ©[1]®© 

i=i i=i 

is invertible and Q*P*CPQ = -P*CP. The latter follows from 
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It follows that P*CP G M n -M = {0}, so that C = 0. Hence {0} is 
the only e-hermitian cone on Mn{D). For n = 1 we get that {0} is also 
the only e-hermitian cone on D. 

From now on we assume that either e ^ —1 or *\d ^ id. Therefore, 
every e-hermitian matrix is congruent to a diagonal matrix. 
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For every e-hermitian cone N oi D write 

F{N) = {Ae S,{Mn{D))\ xAx* G N for every x G D"}. 

We claim that F{N) is an e-hermitian cone on Mn{D). li A,B G F{N), 
then x{A + B)x* = xAx* + xBx* G A^ for every x G -D". Hence 
A + B e F{N). li A e F{N) and B G M„(D), then xBAB*x* = 
{xB)A{xBy G iV for every x G £>". Hence 5A5* G F(Ar). If AT is 
proper, then F{N) is also proper. Namely, if A G F{N) fl —F{N), 
then xAx* G A^ n — A^ = {0} for every x G -D". Let A' be the diagonal 
matrix congruent to A. Then xA'x* = for every x G -D", so that 
A' = 0. Hence, A = 0. 

For every e-hermitian cone M on Mn{D) write 

G(M) = {c G 5,(D)| c^n G M}. 

We claim that G{M) is an e-hermitian cone on D. If a, 6 G G(M), 
then (a -F 6)£'ii = aEn + bEn G M, hence a + b e G{M). li a e 
G{M) and d e D then {dad*)Eu = {dEu){aEu){dEu)* G M, hence 
(iac?* G G(M). If M is proper, then G{M) is also proper. Namely, if 
a G G(M) n -G(M), then a^n G M n -M = {0}. Hence aEu = 0. 

We claim that for every e-hermitian cone A^ on D we have that 
G{F{N)) = N. If a G G{F{N)), then aE^ G F{N). Then x (aEu) x* G 
A^ for every x G -D". In particular, for x = (1, 0, . . . , 0), we get that 
a & N. To prove the opposite inclusion pick any a & N. Then aEu ^ 
F[N) since x{aEii)x* = Xiax^ G A^ for every x G -D". It follows that 
a G G(F(Ar)). 

We claim that for every e-hermitian cone M on Mn{D) we have 
that F{G{M)) = M. Since every e-hermitian matrix is congruent to 
a diagonal matrix, it suffices to show that a diagonal matrix belongs 
to F{G{M)) if and only if it belongs to M. Pick a diagonal matrix 
A G F{G{M)). Then for every x G £>", a;Aa;* G G{M). In particular 
an, ... , a„„ G (j(M). It follows that auEu, . . . , a„„i?ii G M. Hence 
A = "^j Pij{0'jjEu)P*j G M. To prove the opposite inclusion, pick 
A e M. It follows that ajjEu = EijAE^j G M for every j. Hence 
an,- ■ ■ yCtnn e G'(M). It follows that xAx* = J2j ^j^jj^*j ^ G{M) for 
every x G D". Hence A G F{G{N)). D 

Let i? = Mn{D) he a central simple F-algebra with charF ^ 2. 
The following is a summary of [4], Theorem 3.1 and Proposition 2.20: 
For every involution ^ on Mn{D) there exists an involution * on D 
such that T^li? = *\f and an invertible matrix A G Mn{D) such that 
A* = ±A and X* = A-^X*A for every matrix X G Mnfl)) (where 
[xij]* = [x*j]). If * I i? 7^ id we can assume A* = A. 

Our next result extends Theorem [1] to arbitrary involutions. 
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Theorem 3. Let D be a central division F-algebra with involution * 
and 7] E F such that rji]* = 1. Let n be an integer and A G S^{Mn{D)) 
an invertible matrix. Then X* = A~^X*A is also an involution on 
Mn{D). For every e G -F such that ee* = 1 there exists a one-to-one 
correspondence between: 

(1) e-hermitian cones on {Mn{D),^), 

(2) erj-hermitian cones on (M„(D),*), 

(3) erj-hermitian cones on D. 

Proof. Let 0: Mn{D) -^ Mn{D) be the mapping defined by 0(X) = 
AX. A short computation shows that (j) induces a one-to-one correspon- 
dence between the set S^{Mn{D)^ #) and the set S^r]{Mn{D), *). More- 
over is additive and for every X G Se{Mn{D), jf) and Y G Mn{D) we 
have that (j){Y*XY) = F*0(X)F. Therefore the mappings M -^ (j){M) 
and A^ -^ (f)~~^{N) give a one-to-one correspondence between (1) and (2) 
for every e. The mappings F and G from Theorem [1] give a one-to-one 
correspondence between (2) and (3). D 

As a corollary of Theorem [31 we obtain a characterization of formally 
real involutions on central simple algebras. 

Corollary 4. Let D, F, *, rj, n, A, # be as in Theorem\^ If either rj ^ 
— 1 or * I/) 7^ id, then the following assertions are equivalent: 

(1) # is formally real, 

(2) there exists a 1-hermitian cone on {Mn{D),^) which contains 
the identity matrix I , 

(3) there exists an rj-hermitian cone on (M„(D),*) which contains 
the matrix A, 

(4) there exists an rj-hermitian cone on {D, *) which contains all 
elements in some diagonal representation of A. 

If rj = —1 and *|/) = id then # is not formally real. 

A 1-hermitian cone containing 1 will be called unital hermitian cone 
in the sequel. If A has a nonzero hermitian square on its diagonal 
(e.g. 1) then every 1-hermitian cone on (M„(D), *) which contains the 
matrix A is a unital hermitian cone. If D is a division algebra admitting 
a unital hermitian cone then char A' = for every subfield K oi D. 

2. Extensions of involutions from D to D K. 

Let D be a central division F-algebra and K a maximal subfield of 
D. Every involution * on D such that K* C K extends to an involution 
on D ®F K. This is clear if * is of the first kind (i.e. *|ir = id). If 
* is of the second kind (i.e. *|^ ^ id), one has to observe first that 
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D ®F K is isomorphic to D ®Fo Kq where Kq = Si{K) = Sjm.{K) and 
-fo = Si{F) = Sym(F) are the symmetric parts of K and F. The aim 
of this section is to give an exphcit construction of the extension which 
will be used in later sections. From now on we assume that char i^ = 0. 

Lemma 5. For every involution * on D there exists a maximal (i.e. 
self- centralizing) subfield of D which is *-invariant. 

Proof. We need the following claim: A central simple algebra with in- 
volution in which every normal element is central is a field. 

Let A be a central simple algebra in which every normal element 
is central. Pick any element a E A. The element a = a + a* is 
symmetric, hence normal. By the assumption a G Z{A). It follows 
that aa* = a{a — a) = {a — a)a = a*a. Since a is normal, it is central 
by the assumption. Hence A = Z{A). 

Suppose now that L is a *-subfield of a division algebra D which is 
not contained in any other >K-subfield. Its centralizer A = Cd{L) is also 
♦-invariant and it contains L. By the Double Centralizer Theorem, 
A is a simple algebra with Z{A) = L. li A ^ L, then A contains 
a noncentral normal element d by the claim. Then L{d,d*) is also 
a *-subfield of D properly containing L, contrary to the choice of L. 
Therefore A = L. D 

Lemma 6. Every finite extension of fields with involution is generated 
by either a symmetric or an antisymmetric element. (We assume that 
both fields have characteristic zero.) 

Proof. Let K/F be a finite extension of fields with involution. This 
means that i^ is a field with involution *, F* ^ F and K/F is a 
finite field extension. Write Fq = Sym(F) and Kq = Sjm.{K). By 
the Primitive Element Theorem, there exists an element 6 such that 
K = Fo{6). If i^ = Kf) then 6 is symmetric and we are done. If 
K j^ Kq, then K = Fo{e - e*,{e - e*){e + 9*)) and both generators 
are antisymmetric. By the Primitive Element Theorem, there exists 
an Fo-linear combination 9' of them such that K = Fq{9'). Hence, 9' 
is antisymmetric and K = F{9'). It is also interesting to note that 
ii F ^ Fq then K/F is generated by a symmetric element. Namely, 
K = F{k9'), where k is an antisymmetric generator of F/Fq. D 

Proposition 7. Let K be a maximal *-subfield of a division algebra D. 
There exists a unital, hermitian and K — K bilinear mapping f : D ^ 
K. 

Proof. Let D be a division algebra with center F and K a maximal 
*-subfield in D. Pick a symmetric or antisymmetric element x E K 
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such that K = Fo{x) and let x(t) = t" + a„_it" ^ + . . . + ait + ao be 
its minimal Fo-polynomial. Write 



I/O = OoX'^ ^ 



l/„_i = ao + aix + a2X^ + . . . + a„_2x""^ + a„_ix""^ 



The mapping / is defined by 



-1 



^(^) = ;77:;w^E^'^^- 



X'(x)a; 



=0 



The coefficient was chosen so that /(I) = 1 as one can easily verify. 
Clearly, f is K — K bilinear. A short computation shows that for 
every z & D, xf{z) = f{z)x. This relation implies that f{z) com- 
mutes with all elements from K, hence it belongs to K. To prove that 
f{z*) = f{z)* for every z & D one has to distinguish the case when x 
is symmetric from the case when x is antisymmetric. The symmetric 
case is easy. In the antisymmetric case we use the fact that x(t) has 
only even powers. D 

Remark. Note that tr = tr^/F °f\ where tr is the reduced trace. 

Let i^ be a maximal subfield of a division algebra D and ei, . . . , e„ 
a right i^-basis of D. Let X: D ^ Mn{K) be the left regular repre- 
sentation defined by a[ei, . . . , e„] = [ci, . . . , e„]A(a) for a G -D and let 
j: K ^ Mn{K) be the natural imbedding defined by j{k) = kl where 
/ G Mn{K) is the identity matrix. Then the mapping D ^p K -^ 
Mn{K) defined hj a ^ k ^-^ X{a)j{k) is an isomorphism. 

Proposition 8. Setup from above. Let * be an involution on D which 
leaves K invariant and let [aij]* = [a*J be its extension to Mn{K). 
Then the matrix A = [/(e*ej)]jj=i,...,„ G Mn{K) is nonsingular and 
hermitian (i.e. A* = A) and the involution ^ on Mn{K) defined by 
X* = A-^X*A satisfies \{a*) = X{a)* for every ae D. 

Proof. Since / is hermitian, it follows that A is hermitian. If A is singu- 
lar, then there exists a vector v = (ai, . . . , «„) G K^ such that Av = 0. 
Since / is right K-hnear, it follows that f {e* {Yll=i{^j(^j)) = fo^ every 
i. Since / is left i^-hnear, it follows that f{{Yl^=i 6jA)*(S?=i ^j'^j)) ~ 
for any /5i, . . . ,/5„ G K. Since D is a division algebra we can pick 
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Pi SO that {Yl^=i^iPi)*iJ2'j=i^j(^j) = 1- This is a contradiction with 
/(I) = 1. Hence A is nonsingular. By the definition of A, we get that 



A(a)* 



ejei 
e*ei 



eie. 



I'^n 



a* [ei en] 



ejei 
e!ei 



A(a*) 



for every a E D. Applying / to all elements of this identity we get that 
A(a*) = A-^X{a)*A = A(a)# for every a e D. D 

Example 1. Let D = (^) be a quaternion algebra. Recall that 
D is an F- algebra with two generators i and j, and three relations 
i"^ = a,j^ = b,ij = —ji. It is a division algebra if and only if the 



z"^ is X 



y 



0. If 



only solution in F of the equation ax"^ + by"^ 
z = a + Pi + '-yj + Sk then f{z) = a + [3i. (Take x = i, xif) = ^^~o-, 2/o = 
— ai, 7/1 = —a, n = 2 in the definition of /.) Let * be an involution of D 
defined \yy i* = i and j* = j. Write k = ij. Then k* = —k and 1, i,j, k 
is an F-basis of D. The subfield K = F{i) is maximal and *-invariant. 
Note that 1, j is a right i^-basis of D and 



A 





'10" 




ai 







b 







a2 _ 



fin) /(i*j 
fifi) fifj 

With respect to this basis, the imbedding A : D 

a + (3i 6(7 + 5i) 



M2{K) is given by 



m 



Si 



'J — 01 a — pi 

The involution ^ on M2{K) which extends the involution * of D is 
given by X* = A~^X*A where X* is the hermitian transpose of X: 

# 



X y 

u V 



X 



y^ 



bu* 

V* 



More general examples (crossed products) will be given later. 

3. Formally real involutions on crossed products 

Let D be a central division F-algebra with involution * and K a 
maximal subfield of D such that K* C K. In this section we assume 
that K/F is a Galois extension and we will write G for its Galois group. 
In Chapter 4 of [2j it is shown that there exists a normalized cocycle 
$ : G X G ^ K\ {0} such that D is isomorphic to the crossed product 
algebra (K/F,^). By definition, [K/F,^) is a right i^- vector space 
with basis (ea-)o-eG and its multiphcation is defined by 



/i 



\cTeG T&G J cr,r6G 



-$((T,r)c;rf^. 



/(E 



8 J. CIMPRIC 

The mapping f : D ^ K from Section [2] satisfies 

Namely, for every a ^ id, there exists k & K such that A;°" 7^ A;. Since 
fcco- = Cak'^ and / is K-K bihnear, it follows that f{ecr)k = k'^ f{ea). 
By the choice of k, f{e„) = 0. On the other hand /(eid) = /(I) = 1. 

Our first example (motivated by [6]) shows that formal reality of * 
does not necessarily imply formal reality of its extension to D 0F K. 

Example 2. Let F = C{a, b) be the field of all complex rational func- 
tions in two variables and let e = '^'t^ ■ Let D3, be the symbol algebra 
A^{a, b] F), i.e. D^ is an F-algebra with two generators x and y which 
satisfy the following relations x^ = a, y^ = b, yx = exy. Let * be the 
involution on D^ which fixes a, b, x, y and conjugates the elements from 
C. Note that K = F{x) is a maximal ^-invariant subfield of D^. We 
claim that D^ is formally real but D^ ^ K is not. 

By eliminating a and b using relations x^ = a, y^ = b, we see that D3 
is the skew field of fractions of the Ore domain R = C{x,y)/{yx — exy). 
Each element from R can be written uniquely as a linear combination 
of monomials x"^y^ with complex coefficients. We pick any monomial 
ordering < and write lt{d) for the leading term of d with respect to 
this monomial ordering. li\t(d) = cx^^y"^, then \t{dd*) = cce^'""x^'"|/^"'. 
Since C is formally real, it follows that R is formally real as well. Hence, 
D3 is also formally real by Proposition 2 in [Ij. 

The involution ^ on D ®f K = M^{K) which extends * is given by 
X* = A-'^X*A where A = [f{yY)]i,j=o,i,2; see Proposition [HI By the 
discussion above, /(I) = 1, f{y) = 0, /(y^) = 0, f{y^) = b and /(y^) = 
0. Therefore, A is congruent to the diagonal matrix diag(l, 6, — 6). 
Since there is no unital hermitian cone on Si{K) which contains 1,6 
and —b, {M^lK), #) is not formally real by Corollary HI 

The goal of this section is to characterize involutions on D for which 
the extended involutions on D ®f K are formally real. We need an 
auxiliary result: 

Proposition 9. If D = {K/F, $) is a division algebra with involution 
* satisfying K* C K, then the following assertions are equivalent: 

(1) [k*y = {k")* for every k e K and a e G, 

(2) e* Co- G K for every a E G, 

(3) f{e*^ea) = for every cr, r G G such that a ^ r . 

Proof. For every k & K and every a,T ^ G, we have that 

{kyele, = {e^kye, = {ke^Ye^ = elk*e„ = ele,{k*Y . 
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We will use this identity several times. 

(1) ^ (2) Suppose that {k")* = (k*)" for every k e K and a e G. 
Then the identity (used with t = a) implies that e*eo- commutes with 
{k*Y for every k & K, hence it commutes with every element from K. 
By the Double Centralizer Theorem, it follows that e* Co- G K for every 
aeG. 

(2) =^ (1) If e*eo- G K for every a, then the identity implies that 
(k*Y = {k"")* for every k ^K and a eG. 

(1) ^ (3) Pick any a,T E G such that o ^ t. Then there exists 
k E K such that (A;'^)* 7^ {k")* . The identity and the assumption imply 
that (r)*/(e;e.) = f{ele,){k*Y = /(e;e<,)(r)*, hence /(e;e.) = 0. 

(3) ^ (1) Suppose that f{e*^ea) = for every o-,t E G such that 
a ^ T. The fact that the matrix A = [/(e*eo-)] is nonsingular implies 
that /(e*ea-) 7^ for every a E G. Replacing r by a in the identity and 
applying /, we get that (r)*/(e;e<,) = f{ele^){k*y. Since /(e^e^) ^ 
0, it follows that {k"")* = {k*Y for every k e K and a eG. D 

Theorem 10. If D = (K/F,^) is a division algebra with involution * 
satisfying K* C K , then the following assertions are equivalent: 

(1) D ® K is formally real, 

(2) D is formally real and {k*Y = {k'^)* for every k E K and 
a eG, 

(3) 6*60- e K for every a e G and there exists a unital hermitian 
cone on K which contains all of them. 

Proof. (1) ^ (2) Suppose that D ® K is formally real. We claim that 
/(e*eo-) 7^ for every a. The identity from the proof of Proposition 
in] (used with t = a) then implies that {k")* = {k*Y for every k e K 
and a e G. If the claim is false then the matrix A has a zero entry on 
the diagonal, hence it is congruent to a diagonal matrix which has two 
nonzero entries of opposite signs. Hence A cannot belong to a unital 
hermitian cone on {Mn{K),*). Therefore (-D, *) = {Mn{K),^) does 
not have a unital hermitian cone, contrary to the assumption. The 
second part of assertion (2) follows from the fact that D is contained 
in D® K. 

(2) =^ (3) If (2) is true, then by Proposition M e*^^^ G K for every 
a e G. Since D is formally real, the set of all sums of hermitian 
squares is a unital hermitian cone which contains 6*63. and it restricts 
to a unital hermitian cone on K. 

(3) ^ (1) If (3) is true, then by the proposition A = [/(e*eo-)] is 
a diagonal matrix with entries a^r = e*eo-. By the assumption there 
exists a unital hermitian cone on K containing all a^. Hence D ^ K is 
formally real by Corollary |H D 



10 J. CIMPRIC 

For the sake of completeness we also note that (-D, *) need not be 
formally real even if all its maximal *-subfields are formally real. 

Example 3. We consider a variant of Example [2l Let e = ~^+^"^^ and 
a = h = 2. Let D be a Q(e)-algebra generated with two generators x, y 
and three relations x^ = a, y'^ = b, yx = exy. The involution is defined 
by e* = e~^, x* = x,y* = y. 

We claim that every maximal *-subfield of D is formally real. Note 
that *|Q(e) 7^ id, hence we know by the proof of Lemma [H] that every 
maximal *-subfield of D can be generated by a symmetric element. It 
follows that every maximal *-subfield can be ^-embedded into C with 
standard involution, thus it is formally real. 

We also claim that D is not formally real. It suffices to see that 

dldi + dld2 + d^d^ + dld^ = 0, 



where 



di = e ^x + x^ + 2y, d^ = 2x — x"^ + xy'^, 

d2 = 1 — e^^xy — x'^y'^, ^4 = 3 — x — x^. 



4. Extensions and contractions of unital hermitian cones 

Let D = {K/F, $) be a crossed product division algebra with involu- 
tion * such that K* C K and {D^K, *) = {Mn{K), #) is formally real. 
Let (e^)^^^ be the standard right i^-basis of D and let A : D — > Mn{K) 
be the left regular representation of D with respect to the standard ba- 
sis. Let M be the set of all unital hermitian cones on {K, *) which 
contain a„ = e*eo- for every a E G. By assertion (3) of Theorem [TU| A/" 
is nonempty. 

Lemma 11. We can define an action of G on M by 

N^=(-nY ={(-Y \neN}. 



Proof. An element k ^ K belongs to No- if and only if Oo-A;'^ G A^. It 
follows that A"^ + A",^ C A"^ and A"^ H -A"^ = {0}. By assertion (2) of 
Theorem [TUl *\k commutes with every element of G. It follows that 
N„ C Si{K) and r*Nfjr C A"^ for every r & K. For every a, r G G we 
have a^a'^ = e*e*e^e^ = <l>(r, (j)*a^(^$(r, a) G A^. It follows that N„ 
contains a^ for every r E G and that {Nr)cr = Nra- D 

Let A^ be the set of all unital hermitian cones on {D, *). For every 
M e M write M" = MnK and note that M" G A/". For every N e Af 
write A^*^ = \-^(f)-'^F{N) = {c e D\ x*AX{c)x G A^ for every x G i^"} 
where A = diag(ao-)o-eG- By Corollary HJ we see that 4)~^F{N) is a 
unital hermitian cone on (M„(i^), 7^), hence A^^ G A4. 
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Theorem 12. Setup from above. For every N E M we have 
(1) N^ = {ue D\ f{d*ud) e N for every d e D}, 

(2) iv^^ = a^G ^- 

(3) (N^Y = N^ for every a eG, 

(4) N^"^ = N^. 

For every M E M. we have 

(5) (M^)^ = M^ for every a eG, 

(6) M^^^ = M^. 

Proof. To prove (1), pick any u E D and note that [e*^uer]cT,TeG = 
[eler]a,TGGKu)- Applying / to aU n^ equations, we get [f{eluer)]a,TGG = 
[/(e^er)]o-,TeG^('w) which is equal to A\{u). For every x = {k^)^(zc, we 
get X* A\{u)x = f{d*ud), where d = '^s£G^4>^4>- Claim (1) now follows 
from the definition of A^^. 

Claim (3) is rather tricky. Pick a E G and u = YIuigg ^^^^ ^ ^- For 
every d = I^^eG ^<t>^'f> ^ ^ ^^^i^e d^ = J2<peG e0<7$(0, cr)/c^. We have 

f{dlud„) = Y.u^f{dle^r^d„) 

= E.,0,. /(A;;*$(0, a)*e;^e^^^r:rH^, ra^r, a)K) 

E.,0,. ^r*(<^' aya^J^,^rr:r^{uT, a)<l>(^, rfK 
Ec,. K*M^r, aYa^r,rl-^{uJT, a)^{u, rYk^ 

E<^,r^ira<^rr;$(a^,r)A;^ 



(*) 



(**) 



At (*) we used the cocycle identity and f^e^^Ci^ra) = o,^a5^,uiT- At (**) 
we used A;^* = A;**^ and $(cc;r, aYa^^ra^iM^'T, o") = a^a'^^-. For a = id, we 
get f{d*ud) = T.u;,r Kraurr^Huj,T)kr, heuce 

f{dlud„) = a„f{d*udY- 

If -u G A^^ then X{d*ud) G A^ for every d e D. It follows that 
a^f{d*udY = f{dlud„) G A^ for every d e D. Hence, f{d*ud) G N„ 
for every d E D, which implies that u G A^. Since every element of D 
is of the form d^, we can also prove the opposite inclusion. 

To prove (2), pick k E K and note that k G A^^ if and only if 
diag(ao-/i;'^)o-eG = A\{k) belongs to F{N). Hence, k G A^^ if and only if 
Qcrk'^ G A^ for every a E G. Claim (2) now follows from the definition 
of A'o-. Claim (4) is a simple consequence of claims (2) and (3). 

Claim (5) follows from the fact that an element k E K belongs to 
M^ if and only if a^k" = e^kca E M^. Claim (6) now follows from 
Claim (2) applied to A^ = M^ D 
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Let us state two simple corollaries. 

Corollary 13. Setup from Theorem [IB For every unital hermitian 
cone N on K , the following are equivalent: 

(1) a^rf G N for every n e N and a eG (i.e. N e Af and N^ = N 
for every a G a), 

(2) A^ extends to a unital hermitian cone on D (i.e. N = M r\ K 
for some unital hermitian cone M on D), 

(3) N extends to a unital hermitian cone on {Mn{K), #) (i.e. N = 
X~^{L) r\K for some unital hermitian cone L on {Mn{K), H^).) 

Proof. Clearly (3) implies (2). By Claim (5) of Theorem [T2l (2) implies 
(1). To see that (1) implies (3) take L = (f)-^F{N). By Corollary SJ 
we see that L is a unital hermitian cone on {Mn{K),jf). Note that 
\-^{L) = N^ by the definition of iV% hence \-^{L) HK = N^". By 
assumption N = Nrj for every a E G. Hence N^^ = flo-eG ^o" = ^ by 
Claim (2) of Theorem [HI D 

Corollary 14. Setup from Theorem [73 For every unital hermitian 
cone M on D the following are equivalent: 

(1) M extends to a unital hermitian cone on {Mn{K), jf) (i.e. M = 
X^^{L) for some unital hermitian cone L on {Mn{K), if)), 

(2) An element u of D belongs to M if and only if f{d*ud) G M 
for every d & D (i.e. M = IvF^^). 

Proof. Suppose that (1) is true. By Theorem [3] and Corollary HJ there 
exists a unital hermitian cone N on K containing all a^,(j) E G such 
that L = (f)-^F{N). It follows that M = N"" for some N eM. Hence 
^ce ^ j^ece = jy^ = M by Claim (5) of Theorem [H Now (2) follows 
from Claim (1) of Theorem [T2] (with A^ = M"^). 

If (2) is true, then M = M"^ by Claim (1) of Theorem [H (with 
N = W). You can take L = (p-^F{W) to get (1). D 

The following question remains open: Is M'^'^ C M for every M G 
Ml 

We finish this section with two examples which prove the following 
claims: 

(1) a unital hermitian cone from M can have no extension to D, 

(2) a unitial hermitian cone from M can have two different exten- 
sions to D, 

(3) a unital hermitian cone on D can have no extension to D ®p K, 

(4) a unital hermitian cone on D can have two different extension 
to D (g)F K. 
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Example 4. Let D = (^) where a,b > and i* = i,j* = j. Then 

K = Q(i) can be identified with Q(v^) C M, where either ^/a > 
or ^/a < 0. The ordering of M then induces unital hermitian cones 
(in fact orderings) A^^i and N2 on K, such that i & Ni and —i G N2. 
Since 6 > 0, 6 is a sum of four squares, hence both Ni and N2 contain 
a2 = b. However, neither Ni nor A''2 extends to D. Suppose that A^i 
extends to a unital hermitian cone Mi of D. Since i & Ni, it follows 
that j*ij e Ml, so that -hi = j*ij e MiHK = Ni. Since 1/6 is a sum 
of squares, it follows that — -j G A'^i, a contradiction. The proof that N2 
does not extend to D is analogous. This proves Claim (1) above. Note 
that by Corollary [H A^i n N2 extends to D. 

Theorem [3] and Corollary H] tell us that Li = (f)~^{F{Ni)) and L2 = 
(f)~^{F{N2)) are unital hermitian cones on {Mn{K), #). Since A'^i 7^ A^2; 
also Li 7^ L2. Assertion (3) of Theorem [T2] implies that A^^(Li) = 
X~^{L2). This proves Claim (4) above. 

Example 5. Write F = R{a,b), D = (^) and K = F{i). The 
involution on D is defined hy i* = i and j* = j. Let R be the M- 
subalgebra of D generated by i and j. Note that R = M.{i,j)/{ij + ji) 
is an Ore domain and that its skew field of fractions is D. Similarly, 
the fields of fractions of commutative M-subalgebras S = M-lijj"^] and 
T = M[z^, j^] are K and F respectively. We will construct two different 
unital hermitian cones Mi and M2 on R such that Mi (iS = M2 fl S. By 
Proposition 2 in [1], Mi and M2 extend uniquely from Rio D. These 
extensions are clearly different, but they have the same restriction to 
K. This will prove Claim (2) above. 

Every element of i? is a linear combination of monomials i"^j". We 
pick any monomial ordering < and write \i{d) for the leading term of 
d with respect to this monomial ordering. If s G -R is symmetric and 
lt(s) = ci"^j^, then 2\mn. For every r such that lt(r) = ui'^j'' we have 

that \t{r*{-l)'^sr) = cu\-l) ^"^'''T^''' 1^+^'' f+'^K It follows that 

Ml = {s G Sym(i?)| lt(s) = ci'^f where c{-l)'^ > 0} and 
M2 = {s G Sym(i?)| lt(s) = d"^j" where c(-1)'t'+" > 0} 

are unital hermitian cones (even Baer orderings) on R. Clearly, they 
are different and they have the same restriction to S (take n even). 

Note that j G Mi and —j G M2. We will show that there is no 
unital hermitian cone on D ®^ K which contains either X{j) or — A(j). 
Therefore, neither Mi nor M2 extends to D ®p K. This will prove 
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Claim (3) above. Note that 

.,,., r 1 1 r 6 1 r 6 1 . .. r -^ o 

AX{j) =Q^ 10^60^^ congruent to ^ ^ 

Clearly, there is no unital hermitian cone on K which contains b and 
—b. Therefore, by Corollary HI there is no unital hermitian cone on 
{Mn{K), 4f) which contains A(j). The same proof also works for — A(j). 

5. Hermitian trace forms 

Let A be a central simple F-algebra with involution * and tr : A ^f F 
its reduced trace. The mapping 

a H^ tr(a*a) 

is called the hermitian trace form of (A, *). Write N{^a,*) for the image of 
this map. We say that the hermitian trace form is positive semidefinite 
if N(^A,*) n —N(^A,*) = {0}. In this case, iV(A,*) is a unital hermitian cone 
on F. 

Proposition 15. Let D be a central division algebra over F with in- 
volution * and let K be a maximal * -invariant subfield. Consider the 
following assertions: 

(1) There exists a *-ordering (=multiplicatively closed unital her- 
mitian cone) on F which contains A'"(£)^,). 

(2) The extension of the hermitian trace form to {D ^p K,*) is 
positive semidefinite. 

(3) The hermitian trace form on {D, *) is positive semidefinite. 

(4) (D eg) K, *) is formally real, i.e. has a unital hermitian cone. 

(5) {D, *) is formally real. 

Then (1) => (2) => (3) => (4) => (5). 

Proof. Implications (2) =^ (3) and (4) =^ (5) are clear. 

(1) =^ (2) Let P be the ^-ordering containing N = A'"(£)„,). Write 
Mp = {ce Sym(ii')| Wk e K: ii{k*ck) G P}. To see that N^d^k,*) n 
—N(^B®K,*) = {0}, it suffices to show that Mp fl —Mp = {0} and 
A^(i?®x,*)' ^ Mp. If c e Mp n -Mp, then tr(fc*cfc) = for every k e K. 
If c 7^ 0, then write c^^ = klki — k2k2 for ki = ^^^'^ and k2 = ^— f— - 
and note that tr(l) = tT{klcki) — tr(/c2cA;2) = which is impossible 
because charF 7^ by the existence of P. It follows that Mp is a 
unital hermitian cone on {K, *). Next we show that A^ C Mp. To see 
this, pick c e N and note that ii{k*ck) = cii{k*k) e N ■ N C P ioi 
every k & K. Now we can prove that N(^£„g,K,*) ^ Mp. Pick an F-basis 
gi,...,gn of D such that [tr((7*(y'j)]. . is diagonal. By the definition 
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of A^, the diagonal elements ii{g*gi) belong to A^. For every element 
z e D® K ^ Mn{K) there exist h e K such that z = XlILi H9i)ki- 
It follows that tT{z*z) = Yll=iK^i^'^i9l9i) ^ ^p^ because Mp is a 
unital hermitian cone on K which contains A^. 

(3) => (4) Let N = N^D,*) and Mn = {c E K\ \/k e K: ii{k*ck) E 
N}. As above, we see that Mn H —M^ = {0} hence M^ is a uni- 
tal hermitian cone on {K, *). Let ei,i = 1, . . . ,m he a right if -basis 
of D such that [/(e*ej)]. . is diagonal and write Oj = f{e*ei). Since 
tT{k*aik) = tr{f{{eik)*{e'ik))) = ti {{eik)*{eik)) E N for every k E K, 
it follows that a, E Mjsf for every i = 1, . . . ,m. Now Corollary |4] implies 
that D ^ K is formally real. D 

In Section 5 of [7j, it is proved that the five assertions of the propo- 
sition are equivalent for quaternion algebras (^) with standard invo- 
lution. In Section 4 of [5J, it is shown that (5) is equivalent to (3) in 
many other cases. (They use different terminology.) By our Example 
m (5) is not always equivalent to (4). We conjecture that in general 
any two assertions are inequivalent. 
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